Lecture 1

Introduction: Survival Models

1.1 Early life tables

In one of the earliest treatises on probability George Leclerc Buffon considered the problem of
finding the fundamental unit of risk, the smallest discernible probability. He wrote that “all
fear or hope, whose probability equals that which produces the fear of death, in the moral realm
may be taken as unity against which all other fears are to be measured.” | , p. 56] In
other words, because no healthy man in the prime of life (he argued) attends to the risk that
he may die in the next twenty-four hours, Buffon considered that events with this probability
could be treated as negligible; after all, “since the intensity of the fear of death is a good deal
greater than the intensity of any other fear or hope,” any other risk of equivalent probability of
a less troubling event — such as winning a lottery — would leave a person equally indifferent.
He decided that the appropriate age to consider for a man to be in the prime of health was 56
years. But what is that probability, that a 56 year old man dies in the next day?

To answer this, Buffon turned to mortality tables. A colleague (one M. Dupré of Saint-
Maur) assembled the registers of 12 rural parishes and 3 parishes of Paris, in which 23,994
deaths were recorded. The ages at death were all recorded, so that he knew that 174 of the
deaths were at age 56; that is, between the 56th and 57th birthdays.! Our naive estimator for
the probability of an event is

number of occurrences

probability of occurrence = —,
number of opportunities

The number of occurrences of the event (death of an individual aged 56) is observed to be
174. But what about the denominator? The number of “opportunities” for this event is just
the number of individuals in the population at the appropriate age. The most direct way to
determine this number would be a time-consuming census. Buffon’s approach (and that of
other 17th and 18th creators of such life tables) depended upon the following implicit logic:
Suppose the population is stable, so that the same number of people in each age group die each
year. Since every person dies at some time (it is believed), the total number of people in the
population who live to their 56th birthday will be exactly the same as the number of people

! Actually, Buffon’s statistical procedure was a bit more complicated than this. The recorded numbers of deaths
at ages 55,56,57,58,59,60 were 280,130,129,182,90,534 respectively. Buffon observed that the priests (“particularly
the country priests”) were likely to record round numbers for the age at death, rather than the exact age —
which they may not know anyway. He thus decided that it would make more sense to smooth (as statisticians
would call the procedure today) or graduate (as actuaries call it) the data. We will learn about graduation
toward the end of the course.
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observed to have died after their 56th birthday in the particular year under observation, which
happens to be 5031. The probability of dying in one day may then be estimated as

1o i1
365 ~ 5031 ~ 10000’

and Buffon proceeds to reason with this estimate.
From this elementary exercise we see that:

e Mortality probabilities can be estimated as the ratio of the number of deaths to the
number of individuals “at risk”.

The numerator (the number of deaths) is usually straightforward to determine.

The denominator (the number at risk) can be challenging.

Mortality can serve as a model for thinking about risks (and opportunities) more generally,
for events happening at random times.

You don’t get very far in thinking about mortality and other risks without some sort of
theoretical model.

The last claim may require a bit more elucidation. What would a naive, empirical approach
to life tables look like? Given a census of the population by age, and a list of the ages at death
in the following year, we could compute the proportion of individuals aged & who died in the
following year. This is merely a free-floating fact, which could be compared with other facts,
such as the measured proportion of individuals aged x who died in a different year (or at a
different age, or a different place, etc.) If you want to talk about a probability of dying in that
year (for which the proportion would serve as an estimate), this is a theoretical construct, which
can be modelled (as we will see) in different ways. Once you have a probability model, this
allows you to pose (and perhaps answer) questions about the probability of dying in a given
day, make predictions about past and future trends, and isolate the effect of certain medications
or life-style changes on mortality.

There are many different kinds of problems for which the same survival analysis statistics
may be applied. Some examples which we will consider at various points in this course are:

e Time to failure of a machine with multiple internal components.

e Time from infection until a subject shows signs of illness.

Time from starting to try to conceive a baby until a woman is pregnant.

Time until a person diagnosed with (and perhaps treated for) a disease has a recurrence.

Time until an unmarried couple marries or separates.

Often, though, we will use the term “lifetime” to represent any waiting time, along with its
attendant vocabulary: survival probability, mortality rate, cause of death, etc.
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1.2 Basic statistical methods for lifetime distributions

In Table 1.1 we see the estimated ages at death for 103 tyrannosaurs, from four different species,

as reported in |

A. sarcophagus

]. Let us treat them here as a single population.

2,4,6,8,9,11,12,13,14,14,15,15,16,17,17,18,19,19,20,21,23,28

2,6,8,9,11,14,15,16,17,18,18,18,18,18,19,21,21,21,

T. rex 92,22,22,22.22.22,23.23,24,24,28
G libratns | 2:0:5:5:7:9,10,10,10,11,12,12,12,13,13,14,14,14,14, 14,
15,16,16,17,17,17,18,18,18,19,19,19,20,20,21,21,21,21,22
Daspletosaurus | 3,9,10,17,18,21,21,22,23,24,26,26,26

Table 1.1: 103 estimated ages of death (in years) for four different tyrannosaur species.

In Part A Statistics you learned to do the following;:

1.2.1 Plot the data

The most basic thing you can do with any data is to sort the observations into bins of some
width A, and plot the histogram, as in Figure 1.1). This does not presuppose any model.
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Figure 1.1: Histogram of tyrannosaur mortality data from Table 1.1.
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1.2.2 Fit a model

Suppose we believe the list of lifetimes to be i.i.d. samples from a fixed (unknown) distribution.
We can then use the data to determine which distribution it was that generated the samples.

In Part A statistics you learned parametric maximum likelihood estimation. Suppose the
unknown distribution is believed to be one of a family of distributions that is indexed by a
possibly multivariate (k-dimensional) parameter A € A C R¥. That is — taking just the case
of data from a continuous distribution — the distribution of the independent observations has
density f(T; \) at the point T', if the true value of the parameter is A. Suppose we have observed
n independent lifetimes T4, ..., T,. We define the log-likelihood function to be the (natural) log
of the density of the observations, considered as a function of the parameter. By the assumption
of independence, this is

lry, 1, (A) =l = I f(T;; \). (1)
i=1
(We use T to represent the vector (T1,...,7Ty,).) The maximum likelihood estimator (MLE) is
simply the value of A that makes this as large as possible:

A=XT) = XT1,...,T,) := arg maxﬁ F(T5 N). (2)
XeA i

Notice the nomenclature: maxyep f(A) picks the maximal value in the range of f, arg maxyep f(A)
picks the A-value in the domain of f for which this maximum is attained.

The most basic model for lifetimes is the exponential. This is the “memoryless” waiting-
time distribution, meaning that the remaining waiting time always has the same distribution,
conditioned on the event not having occurred up to any time t. This distribution has a single
parameter (k = 1) u, and density

f(;T) = pe T
The parameter p is chosen from the domain A = (0,00). If we observe independent lifetimes
Ti,...,T, from the exponential distribution with parameter y, and let T := n~! > iy T; be the
average, the log likelihood is

br(p) = In(pe ) =n (Inp—Tp),
i=1
which has maximum at i = 1/T = n/Y_T;. This is an example of what we will see to be a

general principle:
# events

Estimated rate = - —. (3)
total time at risk

In some cases we will be thinking of the time as random, in other cases the number of events,
but the formula (3) remains. The challenge will be to estimate the number of events and the
total time in a way that they correspond to the same time period and the same population,
since they are often estimated from different data sources and timed in different ways.

For large n, the estimator 5\(T1, ..., T,,) is approximately normally distributed, under some
regularity conditions, and it has some other optimality properties (finite-sample and asymp-
totic). This allows us to construct approximate confidence intervals/regions to indicate the
precision of maximum likelihood estimates. Specifically, for

R H2 n

2
AN IO, where Iy, (A) = —E | 5 > o [a I290)) }
J1 J2 i1

In(f(T3; N)) 0N,
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are the entries of the Fisher Information matrix. Of course, we generally don’t know what A is
— otherwise, we probably would not be bothering to estimate it! — so we may approximate
the Information matrix by computing Ij, ;, (5\) instead. Furthermore, we may not be able to
compute the expectation in any straightforward way; in that case, we use the principle of Monte
Carlo estimation: We approximate the expectation of a random variable by the average of a
sample of observations. We already have the sample T1,..., T, from the correct distribution,
so we define the observed information matriz

"~ 9% In f(T;; \)

NI, Ty) = —— _
J]l]Q( s L1, ) n) ni:1 (9>\j16>\j2

Again, we may substitute Jj, j, (S\,Tl, ..., Ty), since the true value of A is unknown. Thus, in
the case of a one-dimensional parameter (where the covariance matrix is just the variance and
the matrix inverse (I(\))~! is just the multiplicative inverse in R), we obtain

lﬂ —1.96 i A+
\ 1Y) \/

as an approximate 95% confidence interval for the unknown parameter A.
In the case of the exponential model, we have

n
ﬂ.’r(ﬂ) = _?7

so that the standard error for i is p/y/n, which we estimate by fi/y/n. For the tyrannosaur
data of Table 1.1, we have

T = 16.03,
f = 0.062,
SE; = 0.0061,

95% confidence interval for i = (0.050,0.074).

Aside: In the special case of exponential lifetimes, we can construct exact confidence in-
tervals, since we know the distribution of 1/fi ~ T'(n, ), so that 2nu/fi ~ x3, allows to use
x>2-tables.

Is the fit any good? We have various standard methods of testing goodness of fit — we
discuss an example in section 1.2.3 — but it’s pretty easy to see by eye that the histograms in
Figure 1.1 aren’t going to fit an exponential distribution, which is a declining density, very well.
In Figure 1.2 we show the empirical (observed) cumulative distribution of tyrannosaur deaths,
together with the cdf of the best exponential fit, which is obviously not a very good fit at all.

We also show (in green) the fit to a class of distribution which is an example of a larger
class that we will meet later, called the “Weibull” distributions. Instead of the exponential cdf
F(t) =1 — e #, suppose we take F(t) = 1 — e, Note that if we define ¥; = T2, we have

PYi<y) =P <y =1-e",

so Y; is actually exponentially distributed with parameter «. Thus, the MLE for « is
n
ST

We see in Figure 1.2 that this fits much better than the exponential distribution.

d:
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Figure 1.2: Empirical cumulative distribution of tyrannosaur deaths (circles), together with cdf
of exponential fit (red) and Weibull fit (green).

1.2.3 Significance test

The maximum-likelihood approach is optimal in many respects for picking the correct parameter
based on the observed data, under the assumption that the observed data did actually
come from a distribution in the appointed parametric family. But did they? We
already looked at a plot, Figure 1.2, comparing the fit cdf to the observed cdf. The Weibull fit
was clearly better. But how much better?

One way to answer this question is to apply a significance test. We start with a set of
distributions Hp, such that we know that it includes the true distribution (for instance, the set
of all distributions on (0, 00), and a null hypothesis Hy C H;, and we wish to test how plausible
the observations are as a sample from Hy, rather than from the alternative hypothesis Hy \ Hp.
The standard parametric procedure is to use a x? goodness of fit test, based on the statistic

" (0; - By
X2 = Z % ~ XrQn—k—l approximately, under Hy,
j=1 I
where m is the number of bins (e.g. from your histogram), but merged to satisfy size restrictions,
and k the number of parameters estimated. O; is the random variable modelling the number
observed in bin j, F; the number expected under maximum likelihood parameters. To justify
the approximate distribution for the test statistic, we require that at most 20% of bins have
E; <5, none Ej; <1 (‘size restriction’).

We obtain then X? = 17.9 for the Weibull model, and X? = 92.2 for the exponential
distribution. The latter produces a p-value on the order of 10718, but the former has a p-
value around 0.0013. Thus, while the data could not possibly have come from an exponential
distribution, or anything like it, the Weibull distribution, while unlikely to have produced
exactly these data, is a plausible candidate.



Contents 7

Expected  Expected

Age  Observed Exponential ~ Weibull

04 8 22.7 5.4
59 13 21.5 19.3
10-14 22 15.7 25.3
15-19 39 11.5 22.7
20-24 25 8.4 15.7
25+ 15 23.1 14.6

Table 1.2: x? computation for fitting tyrannosaur data.

1.3 Overview of the course
Why do we need special statistical methods for lifetime data? Some reasons are:

e Large samples Other models, such as single-decrement models with time-varying tran-
sition rates, may be closer to the truth. We may have more elaborate multivariate para-
metric models for the transition rates, but they are unlikely to be precisely true. The
problem then is that the parametric families will eventually be rejected, once the sample
size is large enough — and since we may be concerned with statistical surveys of, for
example, the entire population of the UK, the sample sizes will be very large indeed.
Nonparametric or semiparametric methods will be better able to let the data speak for
themselves.

e Small samples While nonparametric models allow the data to speak for themselves,
sometimes we would prefer that they be somewhat muffled. When the number of ob-
served deaths is small — which can be the case, even in a very large data set, when
considering advanced ages, above 90, and certainly above 100, because of the small num-
ber of individuals who survive to be at risk, but also in children, because of the very
low mortality rate — the estimates are less reliable, being subject to substantial random
noise. Also, the mortality pattern changes over time, and we are often interested in fu-
ture mortality, but only have historical data. A non-parametric estimate that precisely
reflects the data at hand may reflect less well the underlying processes, and be ill-suited
to projection into the future. Graduation (smoothing) and extrapolation methods have
been developed to address these issues.

e Incomplete observations Some observations will be incomplete. We may not know the
exact time of a death, but only that it occurred before a given time, or after a given time,
or between two known times, a phenomenon called “censoring”. (When we are informed
only of the year of a death, but not the day or time, this is a kind of censoring. Or we
may have observed only a sample of the population, with the sample being not entirely
random, but chosen according to being alive at a certain date, or having died before a
certain date, a phenomenon known as “truncation”. We need special techniques to make
use of these partial observations.) Since we are observing times, subjects who break off a
study midway through provide partial information in a clearly structured way.

e Successive events A key fact about time is its sequence. A patient is infected, develops
symptoms, has a diagnosis, a treatment, is cured or relapses, at some point dies. Some
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or all of these events may be considered as a progression, and we may want to model the
sequence of random times. Some care is needed to carry out joint maximum likelihood
estimation of all transition rates in the model, from one or several individuals observed.
This can be combined with time-varying transition rates.

e Comparing lifetime distributions We may wish to compare the lifetime distributions
of different groups (e.g., smokers and nonsmokers; those receiving a traditional cholesterol
medication and those receiving the new drug) or the effect of a continuous parameter (e.g.,
weight) on the lifetime distribution.

e Changing rates Mortality rates are not static in time, creating disjunction between
period measures — looking at a cross-section of the population by age as it exists at a
given time — and cohort measures — looking at a group of individuals born at a given
time, and following them through life.



