
Lecture 2

Lifetime distributions

All the stochastic models in this course will be within the class of discrete state-space Markov
processes which may be time inhomogeneous. We will not be using the general form of these
models, but will be simplifying and specialising them substantially. What unifies this course
is the nature of the questions we will be asking. In the standard theory of Markov processes,
we focus early on stationary processes. Our models will not be stationary, because they have
absorbing states. The key questions will concern the absorbing states: When the process is
absorbed (the “lifetime”), and, in some models, which state absorbs it.

We need to be careful to distinguish between representations of the population and repre-
sentations of the individual. In the present context, the Markov process always represents an
individual. The population consists of some number of independently running copies of the
basic Markov process. In simple cases — for instance, exponential mortality — the population-
level process (total population at time t) will also be a Markov process, a “pure-death” chain.
This raises the complication that there are usually two different kinds of time running: The
“internal” time of the individual process, which usually represents age in some way, and calen-
dar time. The full implications of these interacting time-frames — also called the cohort and
the period perspective — are a major topic in demography, and we will only touch on them in
this course.

2.1 Survival function and hazard rate (force of mortality)

As discussed in chapter 1, the simplest lifetime model is the single-decrement model: The in-
dividual is alive for some length of time L , at the end of which he/she becomes dead. This is
a homogeneous Markov process if and only if L has an exponential distribution. In general,
we may describe a lifetime distribution — which is simply the distribution of a nonnegative
random variable — in several different ways:

cdf F (t) = P
�

L ! t
�
;

survival function S(t) = F̄ (t) = 1 " F (t) = P
�

L > t
�
;

density function f (t) = dF/dt ;
hazard rate λ(t) = f (t)/ F̄ (t)
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The hazard rate is also calledmortality rate in survival contexts. The traditional name in
demography is force of mortality . This may be thought of as the instantaneous rate of dying
per unit time, conditioned on having already survived.s The exponential distribution with pa-
rameter λ ∈ (0,∞) is given by

cdf F (t) = 1 − e! λt;
survival function øF (t) = e! λt;
density function f (t) = λe! λt;

hazard rate λ(t) = λ.

Thus, the exponential is the distribution with constant force of mortality, which is a formal
statement of the ÒmemorylessÓ property.

2.2 Residual lifetimes

Assume that there is an overall lifetime distribution, and every individual born has a random
lifetime according to this distribution. Then, if we observe sombody now agedx, and we denote
his residual lifetime T − x by Tx, then we have

øFTx (t) = øFT ! x|T>x(t) =
øFT (x + t)

øFT (x)
, f Tx (t) = f T ! x|T>x(t) =

f T (x + t)
øFT (x)

, t ≥ 0.

So, any distribution of a full lifetime T is naturally associated with a family of conditional
distributions of T given T > x .

2.3 Force of mortality

We now look more closely at the hazard rate, which may be deÞned as

hT (t) = µt = lim
ε" 0

1
ε
P(T ≤ t + ε|T > t ) = lim

ε" 0

1
εP(t < T ≤ t + ε)

P(T > t )
=

f T (t)
øFT (t)

.

The density f T (t) is the (unconditional) inÞnitesimal probability to die at age t. The hazard
rate hT (t) is the (conditional) inÞnitesimal probability to die at age t of an individual known
to be alive at aget. It may seem that the hazard rate is a more complicated quantity than the
density, but it is very well suited to modelling mortality. Whereas the density has to integrate
to one and the distribution function (survival function) has boundary values 0 and 1, the force
of mortality has no constraints, other than being nonnegative Ñ though if ÒdeathÓ is certain
the force of mortality has to integrate to inÞnity. Also, we can read its deÞnition as a differential
equation and solve

øF #
T (t) = −µt

øFT (t), øF (0) = 1 ⇒ øFT (t) = exp
�
−

� t

0
µsds

�
, t ≥ 0.

We can now express the distribution ofTx as

øFTx (t) =
øFT (x + t)

øFT (x)
= exp

�
−

� x+ t

x
µsds

�
= exp

�
−

� t

0
µx+ rdr

�
, t ≥ 0.
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Note that this implies that hTx (t) = hT (x + t), so it is really associated with age x + t only, not
with initial age x nor with time t after initial age. Also note that, given a measurable function
µ : [0, # ) $ R, F̄Tx (0) = 1 always holds, F̄Tx decreasing if and only if µ % 0. F̄Tx (# ) = 0 if
and only if

�∞
0 µtdt = # . This leaves a lot of modelling freedom via the force of mortality.

Densities can now be obtained from the definition of the force of mortality (and consistency)
as f Tx (t) = µt+ xF̄Tx (t).

2.4 DeÞning mortality laws from hazards

We are now in the position to model mortality laws via their force of mortality. Clearly, the
Exp(λ) distribution has a constant hazard rate µt & λ, and the uniform distribution on [0, ω]
has a hazard rate

hT (t) =
1

ω " t
, 0 ! t < ω.

Note that here
� !

0 hT (t)dt = # squares with F̄T (ω) = 0 and forces the maximal age ω. This is
a general phenomenon: distributions with compact support have a divergent force of mortality
at the supremum of their support, and the singularity is not integrable.

The Gompertz distribution is given by µt = Be" t. More generally, Makeham’s law is given
by

µt = A + Be" t, F̄Tx (t) = exp
�

" At " m
�

e" (x+ t) " e" x
��

, x % 0, t % 0,

for parameters A > 0, B > 0, θ > 0; m = B/ θ. Note that mortality grows exponentially. If θ is
big enough, the effect is very close to introducing a maximal age ω, as the survival probabilities
decrease very quickly. There are other parameterisations for this family of distributions. The
Gompertz distribution is named for British actuary Benjamin Gompertz, who in 1825 first
published his discovery [Gom25] that human mortality rates over the middle part of life seemed
to double at constant age intervals. It is unusual, among empirical discoveries, for having
been confirmed rather than refuted as data have improved and conditions changed, and it (or
Makeham’s modification) serves as a standard model for mortality rates not only in humans, but
in a wide variety of organisms. As an example, see Figure 2.1, which shows Canadian mortality
rates from life tables produced by Statistics Canada (available at http://www.statcan.ca:
80/english/freepub/84-537-XIE/tables.htm). Notice how close to a perfect line the mid-
life mortality rates for both males and females is, when plotted on a logarithmic scale, showing
that the Gompertz model is a very good fit.

Figure 2.1(b) shows the corresponding survival curves. It is worth recognising how much
more informative the mortality rates are. in Figure 2.1(a) we see that male mortality is reg-
ularly higher than female mortality at all ages (and by a fairly constant ratio), we see several
phases of mortality — early decline, jump in adolescence, then steady increase through midlife,
and deceleration in extreme old age — whereas Figure 2.1(b) shows us only that mortality is
accelerating overall, and that males have accumulated higher mortality by late life.

The Weibull distribution suggests a polynomial rather than exponential growth of mortality

µt = ktn, F̄Tx (t) = exp
�

"
k

n + 1
�
(x + t)n+1 " xn+1 ��

, x % 0, t % 0,

for rate parameter k > 0 and exponent n > 0. The Weibull model is commonly used in
engineering contexts to represent the failure-time distribution for machines. As we will see
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(a) Mortality rates
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Figure 2.1: Canadian mortality data, 1995–7.

in section 7.4, the Weibull distribution arises naturally as the lifespan of a machine with n
redundant components, each of which has constant failure rate, such that the machine fails
only when all components have failed. Later in the course we will discuss how to fit Weibull
and Gompertz models to data.

Another class of distributions is obtained by replacing the parameter λ in the exponen-
tial distribution by a (discrete or continuous) random variable M . Then the specification of
exponential conditional densities

f T |M= #(t) = λe−#t

determines the unconditional density of T as

f T (t) =
� ∞

0
f T,M (t, λ)dλ =

� ∞

0
λe−#tf M (λ)dλ or f T (t) =

�

#>0

λe−#tP(M = λ).

Various special cases of exponential mixtures and other extensions of the exponential distribu-
tion have been suggested in a life insurance context. Some of these will be presented later.

E.g., for M ' Geom(p), i.e. P(M = k) = pk−1(1 " p), k % 1, we obtain

F̄T (t) =
� ∞

t
f T (s)ds =

� ∞

t

∞�

k=1

f T |M= k(s)pk−1(1 " p)ds

=
∞�

k=1

� ∞

t
ke−ktpk−1(1 " p)ds =

(1 " p)e−t

1 " pe−t

and one easily deduces

f T (t) =
(1 " p)e−t

(1 " pe−t)2 , t % 0.
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The corresponding hazard rate is

hT (t) =
f T (t)
F̄T (t)

=
1

1 " pe−t
,

which is an increasing but bounded.

2.5 Curtate lifespan

We have implicitly assumed that the lifetime distribution is continuous. However, we can always
pass from a continuous random variable T on [0, # ) to a discrete random variable K = [T ], its
integer part, on N. If T models a lifetime, then K is called the associated curtate lifetime.

2.6 Single decrement model

The exponential model may also be represented as a Markov process. Let S = {0, 1} be our
state space, with interpretation 0=‘alive’ and 1=‘dead’, and consider the Q-matrix

Q =
�

" µ µ
0 0

�
.

Then a continuous-time Markov chain X = (X t)t≥0 with X 0 = 0 and Q-matrix Q will have a
holding time T ' exp(µ) in state 0 before a transition to 1, where it is absorbed, i.e.

X t =
�

0 if 0 ! t < T
1 if t % T

.

The transition matrix is
Pt = etQ =

�
e−µt 1 " e−µt

0 1

�
.

It seems that this is an overly elaborate description of a simple model (diagrammed in Figure
2.2), but this viewpoint will be useful for generalisations. Also, the ‘rate parameter’ µ has a
more concrete meaning, and the lack of memory property of the exponential distribution is also
reflected in the Markov property: given that the chain is still in state 0 at time t (i.e. given
T > t ), the residual holding time (i.e. T " t) has conditional distribution Exp(µ).

Alive Dead
!

Figure 2.2: The single-decrement model.

This model may be generalised by allowing the transition rate µ to become an age-dependent
rate function t ($ µ(t). This may be seen as a very special kind of inhomogeneous Markov
process, or as a special kind of renewal process (one with only one transition). The general two-
state model with transient state ‘alive’ and absorbing state ‘dead’, is called the ‘single-decrement
model’.
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2.7 Mortality laws: Simple or Complex? Parametric or Non-
parametric?

Consider the data for Albertosaurus sarcophagus in Table 1.1. We see here the estimated ages
at death for 22 members of this species. Let us assume, for the sake of discussion, that these
estimates are correct, and that our skeleton collection represents a simple random sample of all
Albertosaurs that ever lived. If we assume that there was a large population of these dinosaurs,
and that they died independently (and not, say, in a Cretaceous suicide pact), then these are
22 independent samples T1, . . . , T22 of a random variable T whose distribution we would like to
know. Consider the probabilities

qx := P
�

x ! T < x + 1
�

.

Then the number of individuals observed to have curtate lifespan x has binomial distribution
Bin (22, qx). The MLE for a binomial probability is just the näıve estimate q̂x = # successes/ # trials
(where a “success”, in this case, is a death in the age interval under consideration). To compute
q̂2, then, we observe that there were 22 Albertosaurs from our sample still alive on their 22
birthdays, of which one unfortunate met its maker in the following year: q̂2 = 1/ 22 ) 0.046. As
for q̂3, on the other hand, there were 21 Albertosaurs observed alive on their third birthdays,
and all of them arrived safely at their fourth, making q̂3 = 0/ 21. This leads us to the peculiar
conclusion that our best estimate for the probability of an albertosaur dying in its third year is
0.046, but that the probability drops to 0 in its fourth year, then becomes nonzero again in the
fifth year, and so on. This violates our intuition that mortality rates should be fairly smooth
as a function of age. This problem becomes even more extreme when we consider continuous
lifetime models. With no constraints, the optimal estimator for the mortality distribution would
put all the mass on just those moments when deaths were observed in the sample, and no mass
elsewhere — in other words, infinite hazard rate at a finite set of points at which deaths have
been observed, and 0 everywhere else.

As we see from Figure 1.1, the mortality distribution for the tyrannosaurs becomes much
smoother and less erratic when we use larger bins for the histogram. This is no surprise, since
we are then sampling from a larger baseline, leading to less random fluctuation. The simplest
way to impose our intuition of regularity upon the estimators is to increase the time-step and
reduce the number of parameters to estimate. An extreme version of this, of course, is to impose
a parametric model with a small number of parameters. This is part of the standard tradeoff
in statistics: a free, nonparametric model is sensitive to random fluctuations, but constraining
the model imposes preconceived notions onto the data.

Notation: When the hazard rate µx is being assumed constant over each year of life, the
continuous mortality rate has been reduced to a discrete set of parameters. What do we call
these parameters? By convention, the value of µ that is in effect for all ages in [x, x + 1) is
identified with just one age, namely µx+ 1

2
.


