
Lecture 3

Life Tables

Reading: Gerber Sections 2.4-2.5, CT4 Units 5-2, 6, 10-1
Further reading: Cox-Oakes Sections 4.1-4.4, Gerber Sections 11.1-11.5

Life tables represent a discretised form of the hazard function for a population, often together
with raw mortality data. Apart from an aggregate table subsuming the whole population (of
the UK, say), such tables exist for various groups of people characterized by their sex, smoking
habits, job type, insurance level etc. This immediately raises interesting questions concerning
the interdependence of such tables, but we focus here on some fundamental issues, which are
already present for the single aggregate table.

We begin with a näıve, empirical approach. In Table ?? we see a life table for men in the
UK, in the years 1990–2, as provided by the Office of National Statistics. In the column labelled
Ex we see the number of years “exposed to risk” in age-class x. Since everyone alive is at risk
of dying, this should be exactly the sum of the number of individuals alive in the age class in
years 1990, 1991, and 1992. The 1991 number is obtained from the census of that year, and
the other two years are estimated. The column dx shows the number of men of the given age
known to have died during this three-year period. The final column is mx := dx/Ex.

Again, this is an empirical fact, but we find ourselves in a quandary when we try to interpret
it. What is mx? If the number of deaths is reasonably stable from year to year, then mx should
be close to the fraction of men aged x who died each year. How close? The number of men at
risk changes constantly, with each birthday, each death, each immigration or emigration. We
sense intuitively that the effect of these changes would be small, but how small? And what
would we do to compensate for this in a smaller population, where the effects are not negligible?
How do we make projections about future states of the population?
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3.1 Notation for life tables

qx Probability that individual aged x dies before reaching age x + 1
px Probability that individual aged x survives to age x + 1
tqx Probability that individual aged x dies before reaching age x + t

tpx Probability that individual aged x survives to age x + t
lx Number of people who survive to age x. Note: This is based

on starting with a fixed number l0 of lives, called the Radix;
most commonly, for human populations the radix is 100,000

dx Number of individuals who die aged x (from the standard population)
tmx Mortality rate between exact age x and exact age x + t
ex Remaining life expectancy at age x

Note the following relationships:

dx = lx − lx+1 ;
lx+1 = lxpx = lx(1− qx);

tpx =
t−1�

i=0

px+ i

The quantities qx may be thought of as the discrete analogue of the mortality rate — we will
call it the discrete mortality rate or discrete hazard function — since it describes the probability
of dying in the next unit of time, given survival up to age x. In Table ?? we show the life table
computed from the raw data of Table ??. (It differs slightly from the official table, because the
official table added some slight corrections. The differences are on the order of 1% in qx, and
much smaller in lx.) The life table represents the effect of mortality on a nominal population
starting with size l0 called the Radix, and commonly fixed at 100,000 for large-population life
tables. Imagine 100,000 identical individuals — a cohort — born on 1 January, 1900. In the
column qx we give the estimates for the probability of an individual who is alive on his x
birthday dying in the next year, before his x + 1 birthday. (We discuss these estimates later
in the chapter.) Thus, we estimate that 820 of the 100,000 will die before their first birthday.
The surviving l1 = 99, 180 on 1 January, 1901, face a mortality probability of 0.00062 in their
next year, so that we expect 61 of them to die before their second birthday. Thus l2 = 99119.
And so it goes. The final column of this table, labelled ex, gives remaining life expectancy; we
will discuss this in section ??.

3.2 Continuous and discrete models

3.2.1 General considerations

The first decision that needs to be made in setting up a lifetime model is whether to model
lifetimes as continuous or discrete random variables. On first consideration, the discrete ap-
proach may seem to recommend itself: after all, we are commonly concerned with mortality
data given in whole years or, if not years, then whole numbers of months, weeks, or days.
Real measurements are inevitably discrete multiples of some minimal unit of precision. In fact,
though, discrete models for measured quantities are problematic because
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• They tie the analysis to one unit of measurement. If you start by measuring lifespans
in years, and restrict the model accordingly you have no way of even posing a question
about, for instance, the effect of shifting the reporting date within the year.

• Discrete methods are comfortable only when the numbers are small, whereas moving down
to the smallest measurable unit turns the measurements into large whole numbers. Once
you start measuring an average human lifespan as 30000 days (more or less), real numbers
become easier to work with, as integrals are easier than sums.

• It is relatively straightforward to embed discrete measures within a continuous-time model,
by considering the integer part of the continuous random lifetime, called the curtate
lifetime in actuarial terminology.

(Compare this to the suggestion once made by the physicist Enrico Fermi, that lecturers might
take their listeners’ investment of time more seriously if they thought of the 50-minute span
of a lecture as a “microcentury”.) The discrete model, it is pointed out by A. S. Macdonald
in [?] (and rewritten in [?, Unit 9]), “is not so easily generalised to settings with more than
one decrement. Even the simplest case of two decrements gives rise to difficult problems,”
and involves the unnecessary complication of estimating an Initial Exposed To Risk. We will
generally treat the continuous model as the fundamental object, and treat the discrete data
as coarse representations of an underlying continuous lifetime. However, looking beyond the
actuarial setting, there are models which really do not have an underlying continuous time
parameter. For instance, in studies of human fertility, time is measured in menstrual cycles,
and there simply are no intermediate chances to have the event occur.

3.2.2 Are life tables continuous or discrete?

The standard approach to life tables mixes the continuous and discrete, in sometimes confusing
ways. The data upon which life tables are based are measured in discrete units, but in most
applications we assume that the risk is actually continuous. If we were to observe a fixed
number of individuals for exactly one year, and count the number of deaths at the end of the
year, and if the number of deaths during the year were a small fraction of the total number at
risk, it would hardly matter whether we chose a discrete or continuous model. As we discuss
in chapter ??, the distinction becomes significant to the extent that the number of individuals
at risk changes substantially over a single time unit; then we need to distinguish among Initial
Exposed To Risk, Central Exposed To Risk, and the census approximation (see chapter ??).

The connection between discrete and continuous laws is fairly straightforward, at least in
one direction. Suppose T is a lifetime with hazard rate µx at age x, and qx is the probability
of dying on or after birthday x, and before the x + 1 birthday. Then

tqx = e−
Rx+ t

x µsds.

Another way of putting this is to say that the discrete model may be embedded in the
continuous model, by considering the discrete random variable K = [T ], called the associated
curtate lifetime. The remainder (fractional part) S = T − K = {T} can often be treated
separately in a simplified way (see below). Clearly, the probability mass function of K on N is
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given by

P(K = n) = P(n ≤ T < n + 1) =
� n+1

n
fT (t)dt = F̄T (n)− F̄T (n + 1)

= exp
�
−

� n

0
µT (t)dt

� �
1− exp

�
−

� n+1

n
µT (t)dt

��
.

and if we denote the one-year death probabilities (discrete hazard function) by

qk = P(K = k|K ≥ k) =
P(K = k)
P(K ≥ k)

= 1− exp
�
−

� k+1

k
µT (t)dt

�
.

and pk = 1−qk, k ∈ N, we obtain the probability of success after n independent Bernoulli trials
with varying success probabilities qk:

P(K = n) = p0 . . . pn−1qn.

Note that qk only depends on the hazard rate between ages k and k + 1. As a consequence, for
Kx = [Tx]

P(Kx = n) = px . . . px+ n−1qx+ n

are also easily represented in terms of (qk)k∈N.

3.3 Interpolation for non-integer ages

Suppose now that we have modeled the curtate lifetime K. The fractional part S of the lifetime
is a random variable on the interval [0, 1], commonly modeled in one of the following ways:

Constant force of mortality µ(x) is constant on the interval [k, k+1), and is called µT (k+1
2),

or sometimes µk+ 1
2

when T is clear from the context. Then

1qk = 1− e
−µ

k+ 1
2 ; µk+ 1

2
= − ln pk.

S has the distribution of an exponential random variable conditioned on S < 1, so it has
density

f(s) = µk+ 1
2

e
−µ

k+ 1
2

s

1− e
−µ

k+ 1
2

.

This assumption thus implies decreasing density of the lifetime through the interval. We
also have, for 0 ≤ s ≤ 1, and k an integer,

spk = P(T > k + s|T > k) = exp
�
−

� k+ s

k
µtdt

�
= exp

�
−sµk+ 1

2

�
= (1− qk)s.

Note that K and S are not independent, under this assumption.
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Uniform If S is uniform on [0, 1), this implies that for s ∈ [0, 1),

fT (k + s) = (F̄T (k)− F̄T (k + 1)) = F̄T (k)qk,

sqk = s · 1qk,

F̄T (k + s) = F̄T (k)
�
1− sqk

�
,

µT (k + s) =
fT (k + s)
F̄T (k + s)

=
qk

1− sqk
.

So this assumption implies that the force of mortality is increasing over the time unit.
Note that µ is discontinuous at (some if not all) integer times unless q0 = α = 1/n and
qx+1 = qx/(1 − qx), i.e. qk = α

1−kα , k = 1, . . . , n − 1, with ω = n maximal age. Usually,
one accepts discontinuities.

Balducci 1−tqk+ t = (1 − t)qk for t ∈ [0, 1), so that the probability of death in the remaining
time 1− t, having survived to k + t, is the product of the time left and the probability of
death in [k, k + 1). There is a trivial identity that the probability of surving 1 time unit
from time k is the probability of surviving t time units from time k, times the probability
of surviving 1− t time units from time k + t. Thus

qk = 1− (1− tqk) · (1− 1−tqk+ t) = 1− (1− tqk) · (1− (1− t)qk),

so that
tqk = 1− 1− qk

1− (1− t)qk
,

This implies that

F̄T (k + t) = F̄T (k)P
�
T > k + t

�� T > k
�

= F̄T (k)
1− qk

1− qk + tqk

fT (k + t) =
d

dt
F̄T (k + t) =

F̄T (k)qk(1− qk)
(1− qk + tqk)2 ,

µT (k + t) =
fT (k + t)
F̄T (k + t)

=
qk

1− qk + tqk

So this assumption implies that the force of mortality is decreasing over the time unit.

Once we have made one of these assumptions, we can reconstruct the full distribution of a
lifetime T from the entries (qx)x∈N of a life table. When the force of mortality is small, these
different assumptions are all equivalent to µk+ 1

2
= qk. Notice again that the choice of a measure-

ment unit for discretisation implies a certain level of smoothing, in continuous nonparametric
life table computations. Taking the evidence at face value, we would have to say that we have
observed zero mortality rate, except at the instants at which deaths were observed, where mor-
tality jumps to∞. Of course, we average over a period of time, either by imposing the constraint
that mortality rates be step functions, constant over a single measurement unit (or multiple
units, if we wish to impose additional smoothing, usually because the number of observations
is small).

Moving in the other direction is not so straightforward. The continuous model cannot be
embedded in the discrete model, for obvious reasons: within the framework of the discrete
model, there is no such thing as a death midway through a time period. Traditionally, when
the discrete nature of lifetable data has been in the foreground, a model of the fractional part,
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such as one of those listed above, has been adjoined to the model. As described in section ??,
this approach quickly collapses under the weight of unnecessary complications, which is why we
will always treat the continuous lifetime as the fundamental object, except when the lifetime
truly is measured only in discrete units.

3.4 Crude estimation of life tables – discrete method

Since their invention in the 17th century, the basic methodology for life table has been to collect
(from the church registry or whoever kept records of births and deaths) lifetimes, truncate to
integer lifetimes, count the numbers dx of deaths between ages x and x + 1, relate this to the
numbers �x alive at age x, and use q̂(0)

x = dx/�x, or similar quantities as an estimate for the
one-year death probability qx.

In our model, the deaths are Bernoulli events with probability qx, so we know that the
Maximum Likelihood Estimator for qx is q̂(0)

x = # successes/# trials = dx/�x for n = �0

independently observed curtate lifetimes k1, . . . , kn, observed from random variables with com-
mon probability mass function (m(x))x∈N parameterized by (qx)x∈N. If we denote m(x) =
(1− q0) . . . (1− qx−1)qx, the likelihood is

n�

i=1

m(k(i)) =
�

x∈N
(m(x))dx =

�

x∈N
(1− qx)�x−dxqdx

x ,

where only max{k1, . . . , kn} + 1 factors in the infinite product differ from 1, and

dx = dx(k1, . . . , kn) = #
�

1 ≤ i ≤ n : k(i) = x
�

,

�x = �x(k1, . . . , kn) = #
�

1 ≤ i ≤ n : k(i) ≥ x
�

.

This product is maximized when its factors are maximal (the xth factor only depending on
parameter qx). An elementary differentiation shows that q �→ (1 − q)�−dqd is maximal for
q̂ = d/�, so that

q̂(0)
x = q̂(0)

x (k1, . . . , kn) =
dx(k1, . . . , kn)
�x(k1, . . . , kn)

, 0 ≤ x ≤ max{k1, . . . , kn}.

Note that for x = max{k1, . . . , kn}, we have q̂(0)
x = 1, so no survival beyond the highest age

observed is possible under the maximum likelihood parameters, so that (q̂(0) )0≤x≤max{k1 ,...,kn}
specifies a unique distribution. (Varying the unspecified parameters qx, x > max{k1, . . . , kn},
has no effect.)

3.5 Crude life table estimation – continuous method

Alternatively, we can take a maximum likelihood approach on the continuous lifetimes, and
obtain a different estimator. Assume that you observe n = �0 independent lives t1, . . . , tn.
Then the likelihood function is

n�

i=1

fT (ti) =
n�

i=1

µti exp
�
−

� ti

0
µsds

�
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Now assume that the force of mortality µs is constant on [x, x + 1), x ∈ N and denote these
values by

µx+ 1
2

= − ln(px)
�

remember px = exp
�
−

� x+1

x
µsds

��
.

Then, the likelihood takes the form
�

x∈N
µdx

x+ 1
2
exp

�
−µx+ 1

2
�̃x

�

where only max{t1, . . . , tn} + 1 factors in the infinite product differ from 1, and

dx = dx(t1, . . . , tn) = # {1 ≤ i ≤ n : [ti] = x} ,

�̃x = �̃x(t1, . . . , tn) =
n�

i=1

� x+1

x
1{ti>s}ds.

�̃x is called the total exposed to risk.
The quantities µx+ 1

2
, x ∈ N, are the parameters, and we can maximise the product by

maximising each of the factors. An elementary differentiation shows that µ �→ µde−µ� has a
unique maximum at µ̂ = d/�, so that

µ̂x+ 1
2

= µ̂x+ 1
2
(t1, . . . , tn) =

dx(t1, . . . , tn)
�̃x(t1, . . . , tn)

, 0 ≤ x ≤ max{t1, . . . , tn}.

Since maximum likelihood estimators are invariant under reparameterisation (the range of the
likelihood function remains the same, and the unique parameter where the maximum is obtained
can be traced through the reparameterisation), we obtain

q̂x = q̂x(t1, . . . , tn) = 1− p̂x = 1− exp
�
−µ̂x+ 1

2

�
= 1− exp

�
−dx(t1, . . . , tn)

�̃x(t1, . . . , tn)

�
.

For small dx/�̃x, this is close to dx/�̃x, and therefore also close to dx/�x.
Note that under q̂x, x ∈ N, there is a positive survival probability beyond the highest

observed age, and the maximum likelihood method does not fully specify a lifetime distribution,
leaving free choice beyond the highest observed age.

3.6 Comparing continuous and discrete methods

There appears to be a contradiction between the discrete life-table estimation of section ?? and
the continuous life-table estimation of section ??. While the models are different, there are
questions to which both offer an answer, and the answers are different. In the discrete model,
we estimate

P
�
T < x + 1

�� T ≥ x
�

= qx ≈ q̂x =
dx

�x
.

The continuous model suggests that we estimate the same quantity by

P
�
T < x + 1

�� T ≥ x
�

= 1− e
−µ

x+ 1
2 ≈ 1− e

−öµ
x+ 1

2 = 1− e−dx/÷�x ≤ dx

�̃x

. (1)
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If we take �x as a substitute for �̃x, then, the continuous model gives a strictly smaller
answer, unless dx = 0. Why is that? The difference here is that the continuous model presumes
that individuals are dying all through the year, making �̃x somewhat smaller than �x. In fact,
if we make the estimate �̃x ≈ �x− dx/2 (so presuming that those who died lived on average half
a year), substituting the Taylor series expansion into (??) shows that in the continuous model

P
�
T < x + 1

�� T ≥ x
�

=
dx

�x − dx/2
− dx

2(�x − dx/2)2 + o

�� dx

�x − dx/2

�3
�

=
dx

�x
+ o

�� dx

�x − dx/2

�3
�

.

That is, when the mortality fraction dx/�x is small, the estimates agree up to second order in
dx/�x.

3.7 An example: Fractional lifetimes can matter

Imagine an insurance company that insures valuable pieces of construction machinery, which
we will call piddledonks. For safety reasons, piddledonks cannot be used more than 3 years, but
they may fail before that time. The company has records on 1000 of these machines, summarised
in Table ??. That is, 100 failed in their first year (age 0), 400 in the second year, and 400 in
the third year of operation. The last column shows the estimated failure probabilities.

Table 3.3: Life table for piddledonks.

age x lx dx qx

0 1000 100 0.10
1 900 400 0.44
2 500 400 0.80

Suppose the company sells insurance policies that pay £1000 when a piddledonk fails. The
fair price for such a contract will be £100 for a new-built piddledonk. (That is, the price equal
to the expected value of the contract; obviously, a company that wants to cover its costs and
even turn a profit needs to sell its insurance somewhat above the nominal fair price.) It will be
£444 for a piddledonk on its first birthday, and £800 for a piddledonk on its second birthday.
Suppose, though, someone comes with a piddledonk that is 18 months old, and wishes to buy
insurance for the next half year. What would be the fair price?

We have no data on when in the year failure occurs. It is possible, in principle, that
piddledonks fail only on their birthdays; if they survive that day, they’re good for the rest of
the year. In that case, the insurance could be free, since the probability of a failure in the
second half year is 0. This seems implausible, though. Suppose we adopt the constant-hazard
model. Calling the constant hazard µ, we see that p1 = e−µ, and

p1 = 0.5p1 · 0.5p1.5. (2)

Thus,
0.5p1.5 = 0.5p1 = e−µ/2 =

√
p1 =

�
1− q1 =

√
.555 = 0.745,
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and 0.5q1.5 = 0.255, and the fair price for the half year of insurance is £255. Suppose, on the
other hand, we adopt the uniform model for S. We still have (??), but now

0.5p1 = 1− 0.5q1 = 1− 1
21q1,

so that
0.5p1.5 =

p1

1− 1
21q1

=
0.555
.778

= 0.713,

implying that the fair price for this insurance would be £287.

3.8 Cohort and Period Life Tables

You may have noticed a logical fallacy in the arguments of sections ?? and ??. The life ex-
pectancy at birth should be the average length of life of individuals born in that year. Of course,
we would have to go back to about 1890 to find a birth year whose cohort — the individuals
born in that year — have completed their lives, so that the average lifespan can be computed
as an average.

Consider, for instance, the discrete-time non-homogeneous model. “Time” in the model is
individual age: An individual starts out at age 0, then progresses to age 1 if she survives, and
so on. We estimate the probability of dying aged x by dividing the number of deaths observed
age x by the number of individuals observed to have been at that age.

In our life-tables, called period life tables, these numbers came from a census of the in-
dividuals alive at one particular time, and the count of those who died in the same year, or
period of a few years. No individual experiences those mortality rates. Those born in 2009 will
experience the mortality rates for age 10 in 2019, and the mortality rates for age 80 in 2089.
Putting together those mortality rates would give us a cohort life table. (Actually, this is not
precisely true. You might think about why not. The answer is given in a footnote.1) If, as has
been the case for the past 150 years, mortality rates decline in the interval, that means that
the survival rates will be higher than we see in the period table.

We show in Figure ?? a picture of how a cohort life table for the 1890 cohort would be
related to the sequence of period life tables from the 1890s through the 2000s. The mortality
rates for ages 0 through 9 (thus 1q0, 4q1, 5q5) are on the 1890s period life table, while their
mortality rates for ages 10 through 19 are on the 1900–1909 period life table, and so on. Note
that the mortality rates for the 1890s period life table yield a life expectancy at birth e0 = 44.2
years. That is the average length of life that babies born in those years would have had, if their
mortality in each year of their lives had corresponded to the mortality rates which were realised
in for the whole population in the year of their birth. Instead, though, those that survived their
early years entered the period of late-life high mortality in the mid- to late 20th century, when
mortality rates were much lower. It may seem surprising, then, that the life expectancy for the
cohort life table only goes up to 44.7 years. Is it true that this cohort only gained 6 months of
life on average, from all the medical and economic progress that took place during their lives?

1The main difference between a cohort life table and the life table constructed from the corresponding age
classes of successive period life tables is immigration: The cohort life table for 1890 should include, in the row
for (let us say) ages 60–4 the mortality rates of those born in 1890 in the relevant region — England and Wales
in this case — who are still alive at age 60. But these are not identical to the 60 year old men living in England
and Wales in 1950. Some of the original cohort have moved away, and some residing in the country were not
born there.
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Yes and no. If we look more carefully at the period and cohort life tables in Table ?? we see
an interesting story. First of all, a substantial fraction of potential lifespan is lost in the first
year, due to the 17% infant mortality, which is obviously the same for the cohort and period
life tables. 25% died before age 5. If mortality to age 5 had been reduced to modern levels —
close to zero — the period and cohort mortality would both be increased by about 14 years.
Second, notice that the difference in life expectancies jumps to over 5 years at age 30. Why is
that? For the 1890 cohort, age 30 was 1920 — after World War I, and after the flu pandemic.
The male mortality rate in this age class was around 0.005 in 1900–9, and less than 0.004 in
1920–9. Averaged over the intervening decade, though, male mortality was close to 0.02. (Most
of the effect is due to the war, as we see from the fact that it almost exclusively is seen in the
male mortality; female mortality in the same period shows a slight tick upward, but it is on
the order of 0.001.) One way of measuring the horrible cost of that war is to see that for the
generation of men born in the 1890s, that was most directly affected, the advances of the 20th
century procured them on average about 4 years of additional life, relative to what might have
been expected from the mortality rates in the year of their birth. Of these 4 years, 31

2 were lost
in the war. Another way of putting this is to see that the approximately 4.5 million boys born
in the UK between 1885 and 1895 lost cumulatively about 16 million years of potential life in
the war.

There are, in a sense, three basic kinds of life tables:

1. Cohort life table describing a real population. These make most sense in a biological
context, where there is a small and short-lived population. The �x numbers are actual
counts of individuals alive at each time, and the rest of the table is simply calculated from
these, giving an alternative descriptions of survival and mortality.

2. Period life tables, which describe a notional cohort (usually starting with radix �0 being
a nice round number) that passes through its lifetime with mortality rates given by the
qx. These qx are estimated from data such as those of Table ??, giving the number of
individuals alive in the age class during the period (or number of years lived in the age
class) and the number of deaths.

3. Synthetic cohort life tables. These take the qx numbers from a real cohort, but express
them in terms of survival �x starting from a rounded radix.
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1890-1899 1900-1909 1910-1919 1920-1929 1930-1939 1940-1949

1950-1959 1960-1969 1970-1979 1980-1989 1990-1999 2000-

Figure 3.1: Decade period life tables, with the pieces joined that would make up a cohort life
table for individuals born in 1890.
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AGE x Ex dx mx ! 105

0 1066867 8779 823
1 1059343 661 62
2 1054256 403 38
3 1047298 319 30
4 1037973 251 24
5 1022032 229 22
6 1003486 201 20
7 989008 186 19
8 976049 180 18
9 981422 180 18
10 988020 179 18
11 984778 179 18
12 950853 185 19
13 909437 212 23
14 891556 259 29
15 913423 366 40
16 954339 496 52
17 1002077 758 76
18 1057508 922 87
19 1124668 930 83
20 1163581 979 84
21 1195366 1030 86
22 1210521 1073 89
23 1238979 1105 89
24 1263313 1083 86
25 1296300 1068 82
26 1313794 1145 87
27 1311662 1090 83
28 1291017 1110 86
29 1259644 1129 90
30 1219278 1101 90
31 1176120 1144 97
32 1135091 1128 99
33 1103162 1095 99
34 1071474 1142 107
35 1035587 1218 118
36 1017422 1291 127
37 1010544 1399 138
38 1006929 1536 153
39 1006500 1660 165
40 1016727 1662 163
41 1046632 1967 188
42 1092927 2240 205
43 1167798 2543 218
44 1134652 2656 234
45 1071729 2836 265
46 974301 2930 301
47 955329 3251 340
48 914107 3354 367
49 848419 3486 411
50 815653 3836 470
51 811134 4251 524

AGE x Ex dx mx ! 105

52 827414 4781 578
53 822603 5324 647
54 810731 5723 706
55 794930 6411 806
56 775350 6925 893
57 759747 7592 999
58 755475 8477 1122
59 761913 9484 1245
60 764497 10735 1404
61 753706 11880 1576
62 736868 12871 1747
63 725679 14463 1993
64 721743 16094 2230
65 713576 17704 2481
66 700666 19097 2726
67 681977 20930 3069
68 676972 22507 3325
69 678157 25127 3705
70 684764 27159 3966
71 600343 26508 4415
72 504808 24443 4842
73 422817 22792 5391
74 422480 24921 5899
75 431321 27286 6326
76 422822 29712 7027
77 399257 30856 7728
78 365168 30744 8419
79 328386 30334 9237
80 293014 29788 10166
81 260517 28483 10933
82 229149 27399 11957
83 197322 25697 13023
84 165896 23717 14296
85 136103 20930 15378
86 110565 18689 16903
87 87989 16370 18605
88 68443 13571 19828
89 52151 11284 21637
90 40257 9061 22508
91 29000 7032 24248
92 20124 5405 26858
93 13406 4057 30263
94 9392 3069 32677
95 6446 2219 34424
96 4384 1578 35995
97 2795 1091 39034
98 1761 701 39807
99 1059 489 46176
100 624 292 46795
101 359 178 49582
102 216 118 54630
103 107 63 58879

Table 3.1: Male mortality data for England and Wales, 1990–2. From [?] (available online at
http://www.statistics.gov.uk/StatBase/Product.asp?vlnk=333 ).
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AGE x ! x qx ex

0 100000 0.0082 73.4
1 99180 0.0006 73.0
2 99119 0.0004 72.1
3 99081 0.0003 71.1
4 99052 0.0002 70.1
5 99028 0.0002 69.1
6 99006 0.0002 68.2
7 98986 0.0002 67.2
8 98967 0.0002 66.2
9 98950 0.0002 65.2
10 98932 0.0002 64.2
11 98914 0.0002 63.2
12 98896 0.0002 62.2
13 98877 0.0002 61.2
14 98855 0.0003 60.2
15 98826 0.0004 59.3
16 98786 0.0005 58.3
17 98735 0.0008 57.3
18 98660 0.0009 56.4
19 98574 0.0008 55.4
20 98492 0.0008 54.5
21 98410 0.0009 53.5
22 98325 0.0009 52.5
23 98238 0.0009 51.6
24 98150 0.0009 50.6
25 98066 0.0008 49.7
26 97986 0.0009 48.7
27 97900 0.0008 47.8
28 97819 0.0009 46.8
29 97735 0.0009 45.8
30 97647 0.0009 44.9
31 97559 0.0010 43.9
32 97465 0.0010 43.0
33 97368 0.0010 42.0
34 97272 0.0011 41.0
35 97168 0.0012 40.1
36 97053 0.0013 39.1
37 96930 0.0014 38.2
38 96796 0.0015 37.2
39 96648 0.0016 36.3
40 96489 0.0016 35.4
41 96332 0.0019 34.4
42 96151 0.0021 33.5
43 95954 0.0022 32.5
44 95745 0.0023 31.6
45 95521 0.0027 30.7
46 95269 0.0030 29.8
47 94982 0.0034 28.9
48 94660 0.0037 28.0
49 94313 0.0041 27.1
50 93926 0.0047 26.2
51 93486 0.0052 25.3

AGE x ! x qx ex

52 92997 0.0058 24.4
53 92461 0.0065 23.6
54 91865 0.0070 22.7
55 91219 0.0080 21.9
56 90486 0.0089 21.0
57 89682 0.0099 20.2
58 88791 0.0112 19.4
59 87800 0.0124 18.6
60 86714 0.0139 17.9
61 85505 0.0156 17.1
62 84168 0.0173 16.4
63 82710 0.0197 15.6
64 81078 0.0221 14.9
65 79290 0.0245 14.3
66 77347 0.0269 13.6
67 75267 0.0302 13.0
68 72992 0.0327 12.4
69 70605 0.0364 11.8
70 68037 0.0389 11.2
71 65391 0.0432 10.6
72 62567 0.0473 10.1
73 59610 0.0525 9.6
74 56481 0.0573 9.1
75 53246 0.0613 8.6
76 49982 0.0679 8.1
77 46590 0.0744 7.7
78 43125 0.0807 7.2
79 39643 0.0882 6.8
80 36145 0.0967 6.5
81 32651 0.1036 6.1
82 29270 0.1127 5.7
83 25971 0.1221 5.4
84 22800 0.1332 5.1
85 19763 0.1425 4.8
86 16946 0.1555 4.5
87 14310 0.1698 4.2
88 11881 0.1799 4.0
89 9744 0.1946 3.8
90 7848 0.2016 3.6
91 6266 0.2153 3.3
92 4917 0.2355 3.1
93 3759 0.2611 2.9
94 2777 0.2787 2.7
95 2003 0.2912 2.6
96 1420 0.3023 2.5
97 991 0.3232 2.3
98 670 0.3284 2.2
99 450 0.3698 2.1
100 284 0.3737 2.0
101 178 0.3909 1.9
102 108 0.4209 1.8
103 63 0.4450 1.7

Table 3.2: Life table for English men, computed from data in Table ??
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(a) Period life table for men in England and
Wales 1890–9

x µx �x dx ex

0 0.187 100000 17022 44.2
1 0.025 82978 7923 51.7
5 0.004 75055 1655 52.8
10 0.002 73400 908 48.9
15 0.004 72492 1379 44.5
20 0.005 71113 1766 40.3
25 0.006 69347 2087 36.2
30 0.008 67260 2550 32.2
35 0.010 64710 3229 28.4
40 0.013 61481 3970 24.7
45 0.017 57511 4703 21.2
50 0.022 52808 5515 17.8
55 0.030 47293 6508 14.6
60 0.042 40785 7710 11.6
65 0.061 33075 8636 8.9
70 0.086 24439 8511 6.5
75 0.122 15928 7281 4.5
80 0.193 8647 5346 2.7
85 0.262 3301 2410 1.7
90 0.358 891 742 0.9
95 0.477 149 135 0.5
100 0.590 14 13 0.3
105 0.695 1 1 0.2
110 0.772 0 0 0.0

(b) Cohort life table for the 1890 cohort of
men in England and Wales

x µx �x dx ex

0 0.187 100000 17022 44.7
1 0.025 82978 7923 52.3
5 0.004 75055 1655 53.5
10 0.002 73400 774 49.6
15 0.003 72626 1167 45.1
20 0.020 71459 6749 40.8
25 0.017 64710 5219 39.7
30 0.004 59491 1257 37.9
35 0.006 58234 1608 33.6
40 0.006 56626 1671 29.5
45 0.009 54955 2384 25.3
50 0.012 52571 3027 21.3
55 0.019 49544 4388 17.5
60 0.028 45156 5956 14.0
65 0.044 39200 7760 10.8
70 0.067 31440 8985 8.0
75 0.102 22455 8940 5.7
80 0.146 13515 6997 3.8
85 0.215 6518 4294 2.3
90 0.288 2224 1697 1.4
95 0.395 527 454 0.8
100 0.516 73 67 0.4
105 0.645 6 6 0.2
110 0.733 0 0 0.0

Table 3.4: Period and cohort tables for England and Wales. The period table is taken directly
from the Human Mortality Database http://www.mortality.org/ . The cohort table is taken
from the period tables of the HMD, not copied from their cohort tables.


