Lecture 4

Cohorts and Period Life Tables

4.1 Types of life tables

You may have noticed a logical fallacy in the arguments of sections 3.4 and 3.5. The life
expectancy at birth should be the average length of life of individuals born in that year. Of
course, we would have to go back to about 1890 to find a birth year whose cohort — the
individuals born in that year — have completed their lives, so that the average lifespan can be
computed as an average.

Consider, for instance, the discrete-time non-homogeneous model. “Time” in the model is
individual age: An individual starts out at age 0, then progresses to age 1 if she survives, and
so on. We estimate the probability of dying aged x by dividing the number of deaths observed
age X by the number of individuals observed to have been at that age.

In our life-tables, called period life tables, these numbers came from a census of the in-
dividuals alive at one particular time, and the count of those who died in the same year, or
period of a few years. No individual experiences those mortality rates. Those born in 2009 will
experience the mortality rates for age 10 in 2019, and the mortality rates for age 80 in 2089.
Putting together those mortality rates would give us a cohort life table. (Actually, this is not
precisely true. You might think about why not. The answer is given in a footnote.!) If, as has
been the case for the past 150 years, mortality rates decline in the interval, that means that
the survival rates will be higher than we see in the period table.

We show in Figure 4.1 a picture of how a cohort life table for the 1890 cohort would be
related to the sequence of period life tables from the 1890s through the 2000s. The mortality
rates for ages 0 through 9 (thus 1Gp, 4G1, 50)> are on the 1890s period life table, while their
mortality rates for ages 10 through 19 are on the 1900-1909 period life table, and so on. Note
that the mortality rates for the 1890s period life table yield a life expectancy at birth ey = 44.2
years. That is the average length of life that babies born in those years would have had, if their
mortality in each year of their lives had corresponded to the mortality rates which were realised
in for the whole population in the year of their birth. Instead, though, those that survived their

!The main difference between a cohort life table and the life table constructed from the corresponding age
classes of successive period life tables is immigration: The cohort life table for 1890 should include, in the row
for (let us say) ages 60—4 the mortality rates of those born in 1890 in the relevant region — England and Wales
in this case — who are still alive at age 60. But these are not identical to the 60 year old men living in England
and Wales in 1950. Some of the original cohort have moved away, and some residing in the country were not
born there.

2 Actually, we have given p, for the intervals [0, 1), [1,5), and [5,10). We compute 1go = 1 — e "0, 4q1 =
1-— 6_4“1, 5qgs = 1 — e oHs
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early years entered the period of late-life high mortality in the mid- to late 20th century, when
mortality rates were much lower. It may seem surprising, then, that the life expectancy for the
cohort life table only goes up to 44.7 years. Is it true that this cohort only gained 6 months of
life on average, from all the medical and economic progress that took place during their lives?

Yes and no. If we look more carefully at the period and cohort life tables in Table 4.1 we see
an interesting story. First of all, a substantial fraction of potential lifespan is lost in the first
year, due to the 17% infant mortality, which is obviously the same for the cohort and period
life tables. 25% died before age 5. If mortality to age 5 had been reduced to modern levels —
close to zero — the period and cohort mortality would both be increased by about 14 years.
Second, notice that the difference in life expectancies jumps to over 5 years at age 30. Why is
that? For the 1890 cohort, age 30 was 1920 — after World War I, and after the flu pandemic.
The male mortality rate in this age class was around 0.005 in 1900-9, and less than 0.004 in
1920-9. Averaged over the intervening decade, though, male mortality was close to 0.02. (Most
of the effect is due to the war, as we see from the fact that it almost exclusively is seen in the
male mortality; female mortality in the same period shows a slight tick upward, but it is on
the order of 0.001.) One way of measuring the horrible cost of that war is to see that for the
generation of men born in the 1890s, that was most directly affected, the advances of the 20th
century procured them on average about 4 years of additional life, relative to what might have
been expected from the mortality rates in the year of their birth. Of these 4 years, 3% were lost
in the war. Another way of putting this is to see that the approximately 4.5 million boys born
in the UK between 1885 and 1895 lost cumulatively about 16 million years of potential life in
the war.
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Figure 4.1: Decade period life tables, with the pieces joined that would make up a cohort life
table for individuals born in 1890.
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(a) Period life table for men in England and (b) Cohort life table for the 1890 cohort of
Wales 1890-9

men in England and Wales

X Mz Ix dx €y X Mo Iz dx €
0 0.187 100000 17022 44.2 0 0.187 100000 17022 44.7
1 0.025 82978 7923 51.7 1 0.025 82978 7923 52.3
5 0.004 75055 1655 52.8 5 0.004 75055 1655 53.5
10 0.002 73400 908 48.9 || 10 0.002 73400 774 49.6
15 0.004 72492 1379 445 || 15 0.003 72626 1167 45.1
20 0.006 71113 1766 40.3 || 20 0.020 71459 6749 40.8
25 0.006 69347 2087 36.2 || 25 0.017 64710 5219 39.7
30  0.008 67260 2550 32.2 || 30 0.004 59491 1257 37.9
35 0.010 64710 3229 284 || 35 0.006 58234 1608 33.6
40 0.013 61481 3970 24.7 || 40 0.006 56626 1671 29.5
45 0.017 57511 4703 21.2 || 45 0.009 54955 2384 25.3
50 0.022 52808 5515 17.8 || 50 0.012 52571 3027 21.3
55 0.030 47293 6508 14.6 || 55 0.019 49544 4388 17.5
60 0.042 4078 7710 11.6 || 60 0.028 45156 5956 14.0
65 0.061 33075 8636 8.9 65 0.044 39200 7760 10.8
70 0.086 24439 8511 6.5 70 0.067 31440 8985 8.0
75 0.122 15928 7281 4.5 75 0.102 22455 8940 5.7
80 0.193 8647 5346 2.7 80 0.146 13515 6997 3.8
8 0.262 3301 2410 1.7 8 0.215 6518 4294 2.3
90  0.358 891 742 0.9 90 0.288 2224 1697 14
95 0477 149 135 0.5 95 0.395 527 454 0.8
100 0.590 14 13 0.3 100 0.516 73 67 0.4
105 0.695 1 1 0.2 || 105 0.645 6 6 0.2
110 0.772 0 0 0.0 110 0.733 0 0 0.0

Table 4.1: Period and cohort tables for England and Wales. The period table is taken directly
from the Human Mortality Database http://www.mortality.org/. The cohort table is taken

from the period tables of the HMD, not copied from their cohort tables.

There are, in a sense, three basic kinds of life tables:

1. Cohort life table describing a real population. These make most sense in a biological
context, where there is a small and short-lived population. The !, numbers are actual
counts of individuals alive at each time, and the rest of the table is simply calculated from

these, giving an alternative descriptions of survival and mortality.

2. Period life tables, which describe a notional cohort (usually starting with radix !¢ being
a nice round number) that passes through its lifetime with mortality rates given by the
0.- These g, are estimated from data such as those of Table 3.2, giving the number of
individuals alive in the age class during the period (or number of years lived in the age
class) and the number of deaths.

3. Synthetic cohort life tables. These take the g, numbers from a real cohort, but express
them in terms of survival !, starting from a rounded radix.
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4.2 Life Expectancy

4.2.1 What is life expectancy?

One of the most interesting (and most discussed) features of life tables is the life expectancy. It
has an intuitive meaning — the average length of life — and is commonly used as a summary
of the life table, to compare mortality between countries, regions, and subpopulations. For
instance, Table 4.2 shows the estimated life expectancy in some rich and poor countries, ranging
from 37.2 years for a man in Angola, to 85.6 years for a woman in Japan. The UK is in between
(though, of course, much closer to Japan), with 76.5 years for men and 81.6 years for women.

Table 4.2: 2009 Life expectancy at birth (LE) in years and infant mortality rate per thousand
live births (IMR) in selected countries, by sex. Data from US Census Bureau. International
Database available at http://www.census.gov/ipc/www/idb/idbprint.html

Country IMR IMR male IMR female | LE LE male LE female
Angola 180 192 168 38.2 37.2 39.2
France 3.33 3.66 2.99 81.0 77.8 84.3
India 30.1 34.6 25.2 69.9 67.5 72.6
Japan 2.79 2.99 2.58 82.1 78.8 85.6
Russia 10.6 12.1 8.9 66.0 59.3 73.1
South Africa 44.4 48.7 40.1 49.0 49.8 48.1
United Kingdom | 4.85 5.40 4.28 79.0 76.5 81.6
United States 6.26 6.94 5.55 78.1 75.7 80.7

Life expectancies can vary significantly, even within the same country. For example, the UK
Office of National Statistics has published estimates of life expectancy for 432 local areas in the
UK (available at http://www.statistics.gov.uk/life-expectancy/default.asp). We see
there that, for the period 2005—7, men in Kensington and Chelsea had a life expectancy of 83.7
years, and women 87.8 years; whereas in Glasgow (the worst-performing area) the corresponding
figures were 70.8 and 77.1 years. Overall, English men live 2.7 years longer on average than
Scottish men, and English women 2.0 years longer.

When we think of lifetimes as random variables, the life expectancy is simply the mathe-
matical expectation E[T]. By definition,

E[T] = /OOO xf r(x)dx.

Integration by parts, using the fact that f; = —F}, turns this into a much more useful form,
_ 00 o0 _ o _ oo "
E[T] = —tFT(t)’() +/ Fr(t)dt = / Fr(t)dt :/ g Jo nsdst, (1)
0 0 0

That is, the life expectancy may be computed simply by integrating the survival function. The
discrete form of this is

E[K]:ikP{K :k}:iP{K>k}. (2)
k=0 k=0
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Applying this to life tables, we see that the expected curtate lifetime is

EK] =Y B{K>k =Y =Y ppi
k=0 k=10 k=1

Note that expected future lifetimes can be expressed as

w

[e%s) t
e,:= E[T,] :/ exp {—/ usds} dt  and e, :=E[K, = pr e Poik = Z :—k

keN k=z+1 7

We see that e, Seox< e, + 1. For sufficiently smooth lifetime distributions, eowm e, + % will be
a good approximation.

For variances, formulas in terms of y — W, and (P;).>0 can be written down, but do
not simplify as neatly. Also the approximation Var(T,) ~ Var(K,) + % requires rougher
arguments: this follows e.g. if we assume that S, = T, — K is independent of K ,, and uniformly
distributed on [0, 1].

4.2.2 Example

Table 4.3 shows a life table based on the mortality data for tyrannosaurs from Table 1.1. Notice

that the life expectancy at birth ey = 16.0 years is exactly what we obtain by averaging all the
ages at death in Table 4.3.

age 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
dx 0 0 3 1 1 3 2 1 2 4 4 3 4 3 8

lz 103 103 103 100 99 98 95 93 92 90 86 82 79 75 72
¢ 0.00 0.00 0.03 001 001 003 002 001 002 004 005 004 005 004 0.11
e, 16.0 15.0 14.0 135 126 11.7 11.1 103 9.4 8.7 8.1 7.5 6.7 6.1 5.4
age 15 16 17 18 19 20 21 22 23 24 25 26 27 28
dy 4 4 7 10 6 3 10 8 4 3 0 3 0 2

lz 64 60 56 49 39 33 30 20 12 8 5 5 2 2

q: 0.06 0.07 012 020 0.15 009 033 040 033 038 0.00 0.60 0.00 1.00
€x 5.0 4.4 3.7 3.2 3.0 2.6 1.8 1.7 1.8 1.8 1.8 0.8 1.0  0.00

Table 4.3: Life table for tyrannosaurs, based on data from Table 1.1.

4.2.3 Life expectancy and mortality

The connection between life expectancy and mortality is somewhat subtle. It is well known
that life expectancy at birth — ey — has been rising for well over a century. For males it is 73.4
years on the 1990-2 UK life table, but was only 44.1 years on the life table a century before.
However, it would be a mistake to suppose this means that a typical man was dying at an age
that we now consider active middle-age. This becomes clearer when we look at the remaining
life expectancy at age 44. In 1990 it was 31.6 years; in 1890 it was 22.1 years. Less, to be sure,
but still a substantial number of years remaining. The low average length of life in 1890 was
determined in large part by the number of zeroes being included in the average.

Imagine a population in which everyone dies at exactly age 75. The expectation of life
remaining at age X would then be exactly 75 — X. While that is not, of course, our true
situation, mortality in much of the developed world today is quite close to this extreme: There
is almost no randomness, as witnessed by the fact that the remaining life expectancy column of
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the lifetable marches monotonously down by one year per year lived. The only exception is at
the beginning — the newborn has only lost about 0.4 remaining years for the year it has lived.
This is because the mortality in the first year is fairly high, so that overcoming that hurdle
gives a significant boost to ones remaining life expectancy. We can compute

€ = Po(1 +er).

This follows either from (2), or directly from observing that if someone survives the first year
(which happens with probability pg) he will have lived one year, and have (on average) e, years
remaining. Thus,

€ 1+e —g . .6
14+e  14e 744

which is approximately right. On the 1890 life table we see that the life expectancy of a newborn
was 44.1 years, but this rose to 52.2 years for a boy on his first birthday. This can only mean
that a substantial portion of the children died in infancy. We compute the first-year mortality
as o = (1 +52.2 —44.1)/53.2 = 0.17, so about one in six.

How much would life expectancy have been increased simply by eliminating infant mortality
— that is, mortality in the first year of life? In that case, all newborns would have reached their
first birthday, at which point they would have had 52.2 years remaining on average — thus,
53.2 years in total. Today, with infant mortality almost eliminated, there is only a potential
0.6 years remaining to be achieved from further reductions.

= 0.008,

5 =1-

4.3 An example of life-table computations

Suppose we are studying a population of creatures that live a maximum of 4 years. For simplic-
ity, we will assume that births all occur on 1 January. (The complications of births going on
throughout the year will be addressed in lecture 5.) The entire population is under observation,
and all deaths are recorded. We make the following observations:

Year 1: 300 born, 100 die.

Year 2: 350 born, 150 die. 20 1-year-olds die.

Year 3: 400 born, 100 die. 40 1-year-olds die. 90 2-year-olds die.

Year 4: 300 born, 50 die. 75 1-year-olds die. 100 2-year-olds die. 90 3-year-olds die.

In Table 4.4 we compute different life tables from these data. The two cohort life tables
(Tables 4.3(a) and 4.3(b)) are fairly straightforward: We start by writing down !( (the number
of births in that cohort) and then in the d, column the number of deaths in each year from
that cohort. Subtracting those successively from ! yields the number of survivors in each age
class !, and q; = d./! .. Finally, we compute the remaining life expectancies:

|

1 +2 3
eOZI*‘FI*—F'*

] -0 -0

| |

L) '3
“=n

-1 -1

I

&=
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(a) Cohort 1 life table (b) Cohort 2 life table

100 350 0.333 1.57
20 200 0.10 1.35
90 180 0.50 0.50
90 90 1.0 0

150 350 0.43 1.2
40 200 0.20 1.1
100 160 0.625 0.375
60 60 1.0 0

LW N~ O X
w N = O | X

(c) Period life table for year 4

o Ve e €

0.167 1000 167 1.69
0.25 833 208 1.03
0.625 625 0.375

1.0 235 1.0 0

w N~ o X

Table 4.4: Alternative life tables from the same data.

The period life table is computed quite differently. We start with the g, numbers, which
come from different cohorts:

(p comes from cohort 4 newborn deaths;
0u comes from cohort 3 age 1 deaths;
Gk comes from cohort 2 age 2 deaths;

gz comes from cohort 1 age 3 deaths.

We then write in the radix g = 1000. Of 1000 individuals born, with gy = 0.167, we expect 167
to die, giving us our dy. Subtracting that from !¢ tells us that !'; = 833 of the 1000 newborns
live to their first birthday. And so it continues. The life expectancies are computed by the same
formula as before, but now the interpretation is somewhat different. The cohort remaining life
expectancies were the same as the actual average number of (whole) years remaining for the
population of individuals from that cohort who reached the given age. The period remaining
life expectancies are fictional, telling us how many individuals would have remained alive if we
had a cohort of 1000 that experienced in each age the same mortality rates that were in effect
for the population in year 4.



